
 
Lagrange Multipliers

constrained optimization
Maximize z fail

on w fan z
as before but now we have a constraint on which Xie we can use

Ed Apple makes ipads ty iphones generating
revenue of fury 8 64

The market is saturatedwhen
gcxie x'tT 4

How can we maximize revenue

We want to find Kit satisfyinggcxiH 4 thatmaximizes fail
Initial guess Lay C2 o flex 41 16

Can we do better
Definitions

The objective function is fCxy
we want to maximize minimize

The constraint is g CX y constantCfixed

Exi 1123 whatpoint on theplane
3 54 t 73 10 is closest to theorigin
Objective Minimize fLXif37 xtFtz or
we can make the algebra simpler by
minimizing Dail z RtPtz instead

Constraint gait 37 3 57 173 10

Apple'sgoal Maximize theobjectivefunctionf XM 8 Xt 1 Subject to theconstraint
gCX y x2tP 4

Clevergeometric idea
graph the constraint gun 4 in 1122
Note that this is a le ofgThengraph the level curves oftheobjective functionf 8 164

we want thehighes value off we canget Thatwilloccur when thelevel curves off are justbarelytouchingtheconstraint
Cso they are tangenthenceparallel

hat



Remember that
Ff point 1 to the curves off
vf point 1 to the curves af g

So the level carves off ty are parallel
when their gradient vectors are parallel
So If Tig for some scalar Lamda

Aside This technique is called
Lagrange multiplier hence the

b f Teg to find 4,7 Ctx
Apple solution

T f 8,6
T g

So we have 8,63 X 2X icy
I 8 2XX This gives us 2 equations
2 6 279 in 3 unknowns Lxi X
3 X2tT 4 but we have the 3rdequation

Frequent technique for solving these systems
solve the 1st two equations for XMin terms of Then plug strum into Theconstant solve for

454x t y

It I nEi
c E 4 8

5 y a Es
D Ia x 4 6

5
we can't mix match positive negatives X'styled

so 815,65 gives the maximum
CIs Eg gives the minimum



s s g

f Lf 651 20 much better than
the initialguess

Common pitfall How doyou simplify something
like 2x Xyx
If you divide by X

2 54 you are Throwingawaypossible
solution coming from X O

Safer way set it to O
ZX 74 0

2 74 0
4 0 or Z 77 0

Then pursue eachpossibility todifferent
solutions

Theorthogonalkradienttheoremi
Suppose that fail 3 is differentiable
in a region whose interior contains
a smooth curve
c rtl xtlityttljtzt.lk

If Po is a point on C where fhas a local maximum or minimum
relative to its values on C then
Tf is orthogonal to Cat Po

Exd Find thegreatest smallest values
that the function

f XM XY 2

takes on the ellipse
tI I

Ans We want to find the extreme values
of f Cay XY Subject to the
constraint g Cx 1 Iz 1 0

To do so we first find thevaluesof X Y t for which

I f 3 Tig g 41 0

end



Thegradient equation
yitxj xit yj

y x x xyty Cxy
2

So that 7 0 an X IZ TY

Case 1 If 7 0 then 4 7 0

But Lo O is not on the ellipse
Case 2 If 71 0 yet tx I2y
substitution Thes in the equation
gCXiD o gives

24 2 42 4428 12 1
8

t 2
1

If t Ifs l 42 242 4

zy2 4
if I3
4 1 3

The function fury xY
i it takes on the extreme Values on

the ellipse at the fourpoint

E ED E Ers Fs
The extreme values are

Xy

3 E F t LEDEED



LagrangeMultiplier with 2 constraints

Tf X Fg tpetgzg.CM350
9 417,37 0

3 variables
we can maximize w fail 3 subjectto gait 3 constant
but then you get 4 equations in 4 unknown

Xgtf XTg Xyy
Fz Xyz

gait 3 constant

Classicexampleinake
a rectangular fence along a river toenclose thetangent possible

field using zoo meters offence
Solution Maximimize fail Xy
Subject to constraint gCXiH 2 7 200

f XTg y it Xj 722,1

22 4 X X

2 7 200
47 200 A 5000mi
X 50

true E 50
1 100

Ed the plane XH 13 1 cuts cylinder x2tT l in an ellipse
Find the points anthe ellipse that lie closest to farthestfromtheorigin T

Ans fail 3 x7y2 z2
the square ofthe distance from CMD tothe origin
subject to the constraints
9 Exit g X2ty2 1 0

924143 xt7t3 1 0

Tf XT g tell 982



x 27123 XC 2x 277 tucitjtk
2xitmjtZZKxzxitxmjtleitajteekzxitzyjtzzkxzx.ci Mi txzyjtuj.tka2XX2Xtdl Z7 X2Ytll ZZ
2x 2xXt23 3 4 x

24 2 4 23 3 l X y
If either 4 1 3 0 or Xt l t X 4 317
If 2 143 0 I 72 1 0 15472 1 0 CyXty 12 1 0 city 1 0 Solve fort

1,90 t O 1,0 on theellipse
If it 1 X Y Tim

5 72 1 0
7 3 1 0 2 3 1 0

72 1 0 3 1 ZX

X2tX 1 0
2
2 1 Ix IF 3 1 52

corresponding point
P CEE TE I E

Pz CEz Ez It

Becareful although p tPz both give local
maxima af f anther ellipse Pz is further fromthe origin Than Pc
Thepoints on theellipse closest to The
origin are 1,0 o CO 1,0

furthest C E Ez Itr


